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Introduction and results
Let G be a non-abelian group and let Z (G) denote its center. The non-commuting graph Γ G of G is the simple graph whose vertex set is G \ Z (G) and two vertices x and y are adjacent whenever xy = yx. The non-commuting graph of a group was introduced by P. Erdős in 1975 (see [10] ), when he posed a question on the size of the cliques of the graph. The non-commuting graph of a group has been studied by many people (e.g., [1, 2, 6, 8, 9] ). One of the problems about non-commuting graphs of groups which has drawn the attention of several authors (e.g., [11, 12] ), is the following conjecture proposed in [1] .
Conjecture 1.1. (See Conjecture 1.3 of [1].) Let S be a finite non-abelian simple group and G a group such that
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Our main result is to prove the validity of Conjecture 1.1 for the alternating groups A n .
Theorem 1.2. Let n 4 be an integer and let G be a group such that
By a recent result of Solomon and Woldar, Conjecture 1.1 is valid for all finite simple groups of Lie type. This together with the main result of [7] and Theorem 1.2 shows that Conjecture 1.1 is valid for all non-abelian finite simple groups S.
Proofs
Throughout this section, n 4 is an integer and G is a group such that Γ G ∼ = Γ A n . Lemma 2.1.
(1) |G| = |A n |. Thompson's conjecture is valid for finite non-abelian simple groups M whose prime graph [13] is disconnected. By [13] , the prime graph of A n is disconnected whenever n ∈ {p, p + 1, p + 2} for some prime number p. Thus if n 15 and n = 10, then G ∼ = A n and by the main result of [11] the latter is also valid for n = 10. 2
We use the following well-known result in the proof of Lemma 2.3.
Lemma 2.2. Let g ∈ A n and suppose the cycle decomposition of g contains exactly c i = c i (g) cycles of length i for each
Then for the size of the conjugacy class g A n of g in A n we have:
In particular, |g A n | z/2. Lemma 2.3. Let n 16, g ∈ A n and c 1 
Proof. We use the following inequality:
where i, h are integers such that i 2 and h 0 except (i, h) = (3, 1).
So we can account for the exception and bound
.
To complete the proof, it is enough to show that
We prove the latter inequality by induction on n. Since c 1 4, for n = 16 the inequality ( * ) holds. Suppose n > 16. We prove the inequality ( * ) for n + 1 by supposing inductively that ( * ) holds for n. Therefore
, we have 
We extend φ to A n by defining φ(1) = 1.
By [3, 4] and part (1) of Lemma 2.1, it is enough to prove that G is a simple group.
Suppose N is a non-trivial normal subgroup of G. We shall prove that N = G. We prove our claim in four steps. 
4, we have C
We prove the latter is true. Suppose, by way of contradiction, that
. Thus |N| divides n(n − 1)(n − 2)(n − 3). Since N is normal, it is a union of G-classes. By Lemma 2.3, N has a non-trivial element x such that φ −1 (x) ∈ A n fixes pointwise a subset S of {1, 2, . . . ,n} of size at least 4. Fix Y ⊆ S with |Y | = 4, and let D 1 be the pointwise stabilizer of {1, 2, . . . ,n}
since |N| divides n(n − 1)(n − 2)(n − 3). It is easy to see that for n 16, the inequality ( * ) does not hold, a contradiction. Hence G 1 N.
We may assume that g = (1, 2, 3 ). Then C A n (g) ∼ = A 3 × A n−3 . By part (2) 
